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Abstract 

In this paper, Whittaker modules for the Schrodinger-Virasoro algebra sD 
are defined. The Whittaker vectors and the irreducibility of the Whittaker 
modules are studied, sd has a triangular decomposition according to the 
Cartan algebra f) : 

SD = 5V~ © f) ©Sd+. 

For any Lie algebra homomorphism ip : sd"^ — > C, we can define Whittaker 
modules of type ip. When ip is nonsingular, the Whittaker vectors , the irre- 
ducibility and the classification of Whittaker modules are completely deter- 
mined. When ip is singular, by constructing some special Whittaker vectors, 
we find that the Whittaker modules are all reducible. Moreover, we get some 
more precise results for special ip. 
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1 Introduction 



The Schrodinger-Virasoro algebra SD, playing important roles in mathematics 
and statistical physics, is a infinite-dimensional Lie algebra first introduced by M. 
Henkel in [7] by looking at the invariance of the free Schrodinger equation. This 
infinite-dimensional Lie algebra contains both the Lie algebra of invariance of the 
free Schrodinger equation and the centerless Virasoro algebra (Witt algebra) as 
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subalgebras. As natural deformations of the Schrodinger-Virasoro algebra SO, the 
twisted Schrodinger-Virasoro algebra, ^-deformation Schrodinger-Virasoro algebra, 
the extended Schrodinger-Virasoro algebra and the generalized Schrodinger-Virasoro 
algebras are introduced in [20]- [22]. The derivations, the 2-cocycles, the central 
extensions and the automorphisms for these algebras have been well studied by 
many authors (e.g., [6], [11], [20]-[23]). 

With respect to the representation theory for Schrodinger-Virasoro algebra, the 
weight modules is well studied in [10], there it is proved that an irreducible weight 
module with finite-dimensional weight spaces over the Schrodinger-Virasoro algebras 
is a highest/lowest weight module or a uniformly bounded module. This is the 
analogue of a well known classical result in the Virasoro algebra setting conjectured 
by V. Kac and proved or partially proved by many authors (see [12], [13] and [19]). 

In this paper, we construct and study the so called Whittaker modules for the 
Schrodinger-Virasoro algebra SD which are not weight modules. 

The notion of Whittaker modules is first introduced by D. Arnal and G. Pinczon 
in [1] in the process of construction of a very vast family of representations for 
s/(2). The versions of Whittaker modules of the complex semisimple Lie algebras 
are generalized by Kostant in [9] . The prominent role played by Whittaker modules 
is illustrated by the main result in [3] about the classification of the irreducible 
modules for sl2{C). The result illustrate that the irreducible sZ2(C)-modules fall 
into three families: highest (lowest) weight modules, Whittaker modules, and a 
third family obtained by localization. Since the construction of Whittaker modules 
depends on the triangular decomposition of a finite-dimensional complex semisimple 
Lie algebras, it is natural to consider Whittaker modules for other algebras with a 
triangular decomposition. Recently, the Whittaker modules for Virasoro algebras, 
Hciscnbcrg algebras, affine Lie algebras as well as generalized Weyl algebras are 
studied by M. Ondrus, E. Wiesner, K. Christodoulopoulou, G. Benkart, etc. (see [2], 
[5], [14], [16] and [17]). 

The Schrodinger-Virasoro algebra st> has a triangular decomposition: SD = 
st)~ ® f) ® St)"*". For any Lie algebra homomorphism t/j : st>^ — > C, we can de- 
fine Whittaker modules of type i/j for 5t). Moreover, for ,^ G C, wc can construct 
two special Whittaker modules and L^^^ for st)(see section 2). In section 3 and 
section 4 we will study the Whittaker modules of nonsingular type. In section 3, 
the Whittaker vectors of and L^^^ are studied. In section 4, The classification 
of the irreducible Whittaker modules of nonsingular type is studied. In the final 
section, we study the Whittaker modules of singular type. The Whittaker vectors 
of and L^^^ are studied. By constructing some special Whittaker vectors, we see 
that L^^^ are all reducible. We also get some more precise results for special ip. 

Throughout this paper the symbols C, N, Z, Z+ and ^ represent for the complex 
field, the set of nonncgativc integers, the set of integers, the set of positive integers 
and the sum with finite summands respectively. 
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2 Definitions and Notations 



The Schrodingcr-Virasoro algebra St) is defined to be a Lie algebra with C-basis 
{Ln, Mn, Yn+i \ u & Z} subject to the following Lie brackets: 

1 — Tfl 

[Lm, Y^^] = (n + , 
, = (n - m)Mrn+n+i, 

It is easy to see the following facts about st> : 

(i) The center of so is CMq. 

(ii) SO is a semi-direct product of the Witt algebra QJito = ®nez '^^n and the 
two-step nilpotent infinite-dimensional Lie algebra q = ©„gzCM„ © ©nez^^i+n- 

(iii) SO has a triangular decomposition according to the Cartan algebra I) = 
CLo © CMo : 

SO = so" © i) ©S0+, 

where 

S0+ = spanc{-L„, M„, Yi^Jm eN,ne Z+}, 
SO" = spanc{-L_n,M_„,y_i_^|m e N, n e Z+}. 

(iv) SO"*" (resp. so~) is generated by Li, L2, Mi and Yi (resp. L_i, L_2, M_i and 

2 ' 

In the following of this section we give some notations which will be frequently 
used to describe the basis of the universal enveloping algebra t/(so) and the basis 
of Whittaker modules for the Schrodinger-Virasoro algebra. Set 

b+ = so+©f}, b"=sO"©{). 

Let C[Mo] be the polynomial algebra generated by Mq. Obviously, C[Mo] is contained 
in 2' (so), the center of C/(so). 

As in [18], for a non-decreasing sequence of positive integers: < yUi < < 
• • ■ < fig, we call fi = {fii, /X2, ■ ■ ■ , fis) a partition, and for a non- decreasing sequence 
of non-negative integers: < Ai < A2 < ■ • • < A^, we call A = (Ai, A2, • • • , A^) a 
pseudopartition. Let V denote the set of^partitions, and let V represent the set of 
pseudopartitions. Then C 7^. For A e V, we also write A = (0^(°), l^(^), 2^(2) . . . -j^ 
where \{k) is the number of times of k appears in the pseudopartition and X{k) = 
for k sufficiently large. Then a pseudopartition A is a partition whenever A(0) = 0. 
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For fi = H2, - ■ ■ ,l^s) & V, X ^ (Ai, A2, • • • K) and u = {ui, 1^2, •• • ^t) e V, we 
define _ 

|A| = Ai + A2 + --- + Ar, 

1 » ,1 1 1 , 

2 + ^ = (2 + ^1' 2 + ■ ■ ■ ' 2 ^ 

,1 ^, ,1 , ,1 , /I ^ 

I- + = (- + J.,) + (- + + •••+(- + i/t), 

#(A) = A(0)+A(1) + .--, 

#(/i,z>,A) = #(/i) + #(z7) + #(A), 

T ~ - T T T - rA(2).A(l) .A(0) 

-t^_A ~ -^-A,. ■ ■ ■ -t^-A2-^-Ai — • • • 1j_2 J^-i -t^o ' 

= M_^, • • • M_^,M^^, = • • • M^^^'^M^ \ 
...y, y, y''(^) y''(°) 

For the sake of convenience, we define = (0°, 1'^, 2°, ■ ■ ■ ) and set Lg = Mg = i^i+g = 
1 e In the following, we regard as an element of V and V. 

For any {iJ,,iy,X)eVxVxV and p^~-^{Mo) e C[Mo], it is obvious that 

where C/(5t))a = {x e C/(sti)|[-Lo, x] = ax} is the a-weight space of U{st>). 

Definition 2.1. Let V be a 5t)-module and let ijj : s\)~^ — > C be a Lie algebra 
homomorphism. A vector v E V is called a Whittaker vector if xv — il){x)v for 
every x e 50+. A so-module V is called a Whittaker module of type if there 
is a Whittaker vector w E V which generates V. In this case we call w the cyclic 
Whittaker vector. 

The Lie algebra homomorphism ip is called nonsingular if ip[Mi) is nonzero, 
otherwise '4> is called singular. The Lie brackets in the definition of st) force il}{Ln) — 
ip{Mm) = tp{Yi+k) = forn > 3, m > 2, A; > 1. 

For a Lie algebra homomorphism ip : st)"*" — > C, we define to be the one- 
dimensional St) "'"-module given by xa — ip{x)a for x e st)"*" and a e C. Then we 
have an induced 5t)-module 

W^ = U{sv)®u(,^+)C^- (2.1) 
For ^ e C, (Mg — ^)W^ is a submodule of since Mg is in the center of SD. Set 

L^,^:=W^,,/(Mo-OW^V- (2-2) 
Then L^^^ is a quotient module for 50. The following facts about are obvious: 
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(i) is a Whittaker module of type ■0, with cyclic Whittaker vector w :— 101; 

(ii) The set 

{M^M_^Y_i_~L_~^w\{fi, V,X) eV xV xV,k eN} (2.3) 
forms a basis of W^. This follows from the PBW theorem and the fact that 

{M^M_^Y_._~L_~^\il,,u,X) eVxPxV,keN} (2.4) 
is a basis of U{b~); 

(iii) has the universal property in the sense that for any Whittaker module 
V of type ip generated by w , there is a surjective homomorphism ip : —>■ V such 
that uw H- > uw ,\/u e U{h~). Hence we call the universal Whittaker module of 
type il). 

For any 7^ ^; = EP^,i;,A(^o)M_^y_i_~L_jw e W^, we define 

maxdeg{v) := max{|//| + |^ + i^l + \M\Pij,,u,x{Mo) ^ 0}, 

max^Xv) ■= max{A(0)|p^~^5;(Mo) ^ 0}. 
We set maxdegiw) = 0, maxdeg{Q) = — oo. 

Remcirk 2.2. For any x e U{sv~^), w — uw,u e U{b~), we have 

(x — '^{x))w' — [x, u]w. 

In particular, 

{En - i){En))w' = [En,u]w, 
where E^ = or M„ or yi_,_(„_i), Vn e Z+. 

For m e Z+, n,k E N, /j, e V, X,u E V, we give some identities of C/(5t)), each of 
them can be checked by induction on #(A) or #(z7) or a e N : 

M^L_~^ = V a,M_„,L ~« + V kL -ii^M^^ + L_3^M^, (2.5) 

— A — A 

where aj,6j G C, mj > 0, < < m, |A' | + = |A" | — = |A| — m, and 
A"^'\o) < A(0) if ni = m. 



M„L», = J](-l)^(n(m - j/c))(,")L«-M„-ifc. (2.6) 
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~(«) ~(») ~ 

where Cj, 6j G C, < < n, |A' | + (2 + n^'i) — |A" | — (2 + ^i) = l^'^l ~ (2 + 

and X"^^{0) < A(0) if 71^ = 71. 

2 

where bi & C, rii < n, || + z^' | — JT-i = || + — + 

LnL_^ = ajL ~(i)Lni + L_^Ln, (2.9) 

— A 

where G C, nj < n, X" — rii — |A| — n, and A (0) < A(0) if rii — n. 

LnM.^ = J2 aiM_^,^i^ + J2 hiM_^„ii)M^^ + M_^L„, (2.10) 
where Oj, hi E C, rrii < n, = — n^i — |a*| — ^t-- 



(2.11) 

where aj, 6j, Ci e C, mi, nj < n, 1 2 + ^' I = l2~'~^" \ ~ (2 '^'i) ~ \2 ^\ ~ 

3 Whittaker vectors for Whittaker modules of non- 
singular type 

In this section we always assume that the Lie homomorphism ip is nonsingular, 
that is '^{Mi) ^ 0. Let and L^^^ be the Whittaker modules for Schrodinger- 
Virasoro st) defined by (2.1) and (2.2) respectively. The main results of this section 
are given in Theorem 3.5 and Theorem 3.7 in which we characterize the Whittaker 
vectors in and L^^^. For this purpose, we first give a series lemmas which will 
be used to prove our main results. 

Lemma 3.1. Let En be defined in Remark 2.2, w = 1 1 G be the cyclic 
Whittaker vector. For n G Z+, 



EnM.^Y_i_~L_jw = + v" + 'il){E^)M_^Y_i__~L_jw, 
where maxdeg{v') < + || + t'l + |A|, maxLoiv") < A(0). 

Proof. If En = Mn, the result follows from (2.5). If En = it follows from 

(2.8), (2.5) and (2.7). If E^ = L„, it follows from (2.10), (2.11), (2.9), (2.5) and 
(2.7). □ 

Lemma 3.2. (i) For m G Z+, A G 7^, then maxdeg{MmL_-^w) < |A| — m + 1; 
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(ii) For a,k eN, then 

[Mfc+i, L%]w = v-a{k + l)ij{M,)LTf}w, 

where maxdeg{v) < {a — l)k if /c > 0, and maxioiv) < a — 1 if A; = 0; 

(iii) Suppose A = {k^^^\ {k + lf^^+^\ • • . ), X{k) ^ 0. Then 

[Mfe+i, L_j\w = v-{k + l)X{k)il:{Mi)L_~,w, 

where A' satisfies \'{k) = \{k) — 1, A'(i) = A(i) for all i > fc, maxdeg{v) < |A| — A; if 
k > or V — v' + v" with maxdeg{v) <\\\—k and maxL^{v") < \{k) — 1 if A; = 0; 

Proof, (i) follows from (2.5) and the fact that ip{Mj) = if i > 2. (ii) follows from 
(2.6). For (iii), we denote = L ~,L'^^\ Then 

[Mk+uL_j\w = [M,+i,L_~,]L^fV + L_~,[Mfe+i,L^^V- (3-1) 
By using the assumption of /c, we see that [Mk+i, L ~,] e t/(b~) and 

maxdeg{[Mk_^.i, L ~,]L^^^w) < |A| — k. 
For the second term on the right hand side of (3.1), by using (ii) we see that 

L_~,[Mk+i, Ltf]w = L_~,v - a{k + l)V^(Mi)L_~,Lr/w, 

where _ _ 

maxdeg{L ~iv) < {a — l)k + |A'| = |A| — k 

if /c > 0, and 

maxLQ{L ~,v) < a — 1 — A(0) — 1 

— A 

if A; - 0. Thus (iii) holds. □ 

Lemma 3.3. For m, A; G N, z/, A G we have 

(i) maxdegilY.^^, Y_._~L_j\w) < |i + z7| + |A| - (i + m) + 1; 

(ii) If ^ = for all < i < k, then 

maxdeg{[Y^^^^^, Y_^_~L_j\w) <\]^ + V\ + \\\-k-l] 

(iii) If A(i) = for all < i < A;, = for all < j < A; and p{k) ^ 0, then 
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where maxdeg{v) < \X\ + \^ + u\ — ^ — k, u' satisfies that u' (i) — for all i 7^ A; 
and i^'ik) = v{k) — 1. 

Proof. For (i), note that 

[Y.^m. y-k-~.L-~> = [n+m, y-\-v]L^~,w + y 1 _,[yi+^, L_~^w. (3.2) 

By using (2.8) and Lemma 3.2 (i) to the first term on the right hand side of (3.2), 
we see that 

maxdeg{[Y,^^, Y_,_~]L_~^w) < |i + ^| + |A| - (^ + m) + 1. 
By using (2.7) to the second term on the right hand side of (3.2), we see that 

maxdeg{Y_^_~\Yi^^, L_j\w) < |^ + + |A| - (^ + m) + ^. 
Thus (i) holds. 

For (ii), by using the assumption of k, we see that \yij^),_^i,Y_i_~\ e U{h~). 
Thus 

maxdeg{[Y._^^^^, Y_.__~]L_~^w) < |A| + |- + I7| - (i + A; + 1). 
By using (2.7), we see that 

maxdeg{Y_.__~[Y._^^^^, L_j\w) <\X\ + \\ + v\-{k + 1). 

Thus (ii) follows. 

Finally, for (iii), we denote Y_i_~^Y ^ -X'^fK- Then 

+ Y . 7Y:fUY^+k+i^L_j]w. (3.3) 

For the first term on the right hand side of (3.3), since [Yi^f,_^_^,Y ^ e U{b~), 
we see that 

maxdeg{[Y.^,^,, Y_,_^,]Y:fl^L_xiu) < + + \\\ - {^ + k + 1). 

For the second term, since [Yi+^+i, Ylflj = -2(A; + l)Y^fll^Mi and [Mi, L_j\ e 
U{h~) according to the assumption of A;, by using (2.5), we see that 

Y , ^[Y^ ,^,,Y:fl]L_jw = v -2{k + mM,Mk)Y , ~,L_~,w, 

8 



where maxdeg{v') < \X\ + \ ^ + u\ — + k + 1) , u' satisfies that u' (i) — for all 
i k and u' (k) = iy(k) — 1. 

For the third term, note that {Yl_^f^_^-^) = 0, by using (2.7), we see that 

maxdegiY , -yf ) [n L_>) < |i + + |A| - /c - 1. 

Thus (iii) follows. □ 
Lemma 3.4. For mEN,iJ,EV,i'EV,we have 

maxdeg{[L^, M_fjY_i_~]w) < |a*| + I77 + — m + 1. 
Proof. By (2.10) and (2.11), we can write LmM_^F_ 

1—1/ Si linear combination of 

the PBW basis (2.4) of U(st>) : 



fx ,v ,n,En 

where n G Z+, /x', /x" e i/', z/" G V satisfying |Ai'| + || + = + \ ^ + i^" \ — n = 
\lJ,\ + \^+u\—m; En — M„ or Yi_^(^_^). Noting that MjW = Yi_^_jW — Ofori > l,j > 0, 
we see that Lemma 3.4 holds. □ 

Theorem 3.5. Suppose ^(Mi) 7^ and is the universal Whittaker module for 
50 with cychc Whittaker vector w — 1 (8) 1. Then v G is a Whittaker vector if 
and only ii v — uw for some u G C[Mo]. 

Proof. It is obvious that uw is a Whittaker vector if it G C[Mo] as Mq is in the 

center of so. 

Let w G be an arbitrary vector. We can write w as a linear combination of 
the basis (2.3) of W^: 

^' = E P,,vrxiMo)M.,Y_^_,L_~,w, (3.4) 

where P^^^;xi^o) e C[Mo]. Set 

AT := max{\^i\ + + + |A| |p^,^,a(Mo) 0}, 

A^^ := {(/x,!?, A)|p^~3^(Mo) ^ 0,\i_t\ + + u\ + |A| = N}. 
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We first show that the Whittaker vectors in 11^^ are all of type ^p. In fact, let ^p' : 
SO"*" — s> C be a Lie algebra homomorphism which is different from ip. Then there exists 
at least one element in {Li, L2, Mi,Yi}, denoted by E, such that ip{E) 7^ ip (E). 

Assume w' is a Whittaker vector of type ip', then by the definition we have 
Ew'^^'{E)w'^ J2 P,,,,x(^o)M^,Y_r_~L_j^'{E)w 

+ E P,,u,x(Mo)M_,Y_._~L_ji^'iE)w. (3.5) 

(/i,i7,A)eAjv 

On the other hand, if we denote 

K := max{Xmif^,^,^) e A^,p^~5;(Mo) 7^ 0}, 
then by Remark 2.2 and Lemma 3.1 we have 

Ew'^v' + v"+ J2 P,,i^,x(^o)M^,Y_._~L_j^{E)w, (3.6) 

(/i,t',A)eAjv 
\(0)=K 

where maxdeg{v') < N, maxL^^(v") < K. By comparing (3.5) and (3.6) we obtain 
ip {E) = ■^{E), which is a contradiction to our assumption that ip (E) 7^ ip{E). 

Next, for w' defined in (3.4), we want to show that if there is (0, 0, 0) 7^ {fi, u, A) G 
V xV xV such that P^^^^ji^o) 7^ 0, then there is E^ G M„, ri+(„_i)|n G Z+} 
such that {Eji — 'ip{En))w' 7^ 0, which will prove the necessity. 

Assume that p^~j{Mo) 7^ for some (//, z/. A) 7^ (0, 0, 0). By Remark 2.2, 

(K - i^{En))w' = 5] p^~3;(Mo)[£;„, M_^F_i_~L_3^]^. 

Set 

^ := min{n G N|^(n) 7^ or i'(n) 7^ or A(n) 7^ for some (/x, i/. A) G Ajv}. 

We divide the argument into three cases. 

Case I. k satisfies A(^) 7^ for some {/i, u, A) G Ajv. 
We have 

(Mfc+i - iP(Mk+i))w' 
= E P,,urxiMo)[M,+,,M_,Y_,__~L_^]w 

+ E P,,u,x(^o)[Mk+i,M_,Y_,_~L_^]w 

(/i,?,A)GAiv 
A(fc)=0 
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+ E P,,^,x(^o)[Mk-,i,M_,Y_._~L_-^]w (3.7) 

(/i,i7,A)eAjv 
A(fe)^0 

For the first term on the right hand side of (3.7), by using Lemma 3.2 (i), we know 
that the degree of it is strictly smaller than N — k. For the second term on the right 
hand side of (3.7), note that X{i) — ior < i < k, we have 

[M,^,,M_,Y_i_~L_j\ = M_^Y_i_~[M,^,,L_j\ G f/(b-). 

Thus the degree of it is also strictly smaller than N — k. Now using Lemma 3.2 (iii) 
to the third term on the right hand side of (3.7), we know that it is of the form 

V- E + 1) A(^)V(Mi)p^ ~3^(Mo)M_,y 1 _~L_ 

(/i,i7,A)eA;v 

where if = then v = v' + v" such that maxdeg(v') < N — k and maxLg{v") < 
A(0) — 1, if ^ > then maxdeg{v) < N — h, X satisfies A' (A;) = A(^) — 1, \' (i) = 
for all i > k. Thus the degree of the third term is equal to N — k. This proves 

Case II. k satisfies u{k) ^ for some (//, i/. A) e Ajv and A(^) — for any (/x, A) e 
Aiv- 

In this case, we use ^i+fe+i — '^(^1+^+1) to act on both sides of (3.4), then 

(yi+fc+i - '0(yi+fe+i))«^' 

+ E P;.,i;,A(^o)[>^i+fc+i,M_,F i_~L_3^]^ 
(/i,r',A)eAA' 

+ E ^^M,.,A(^o)[y'|+.+i,M_,F ._,L_3;]^. (3.8) 

{At,?,A)eAjv 
1/(^)7^0 

By using Lemma 3.3 (i) to the first term on the right hand side of (3.8), Lemma 3.3 
(ii) to the second term and Lemma 3.3 (iii) to the third term, we have 

(yi+fe+i-V'(yi+fc+i))«^' = ^- E 2(^+l)i.(^)V'(MOp^,^,3^(Mo)M_^y_,_;,L_3^^, 

(/i,;7,A)eAjv 
i/(fc)7^0 

where maxdeg{v) < N — ^ — k] u' (i) — for alH 7^ ^ and (k) — u{k) — 1. Thus 

(yi+,+i-V(i"i+,+i))^Vo. 
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Case III. k satisfies 7^ for some u, A) e and A(^) = ^{k) — for any 
{/I, z/, A) e Ajv- Note that in this case ^ > since /i &V. 

Subcase 1. A = for any (//, A) with P^j7 5;(M)) 0- 

In this subcase, w' — '^Pn^i;{Mo)M^ijY_i_~w. By using L^+i — to act 

on w\ we have 

(Lfc+i - ^(Lfc+i))tt;' 
= J] p^,r;(Mo)[Lfc+i,M_^]F_i_~w+ p^,r;(Mo)M_^[Lfc+i, 

+ J2 P^.,v{Mo)[Lk+i,M_^Y_i_~]w+ J2 P^.,u{Mo)[Lk+i,M_^Y_i_~]w. (3.9) 

We denote the four terms on the right hand side of (3.9) by Vi, V2, V3 and V4 respec- 
tively. For 

/i= (r®,(^+l)'^^-+'\---), f^ik)^0, 
we denote = M_^'M^f\ where /i' = ((fc + l)^(^+i), (fc + 2)'^(^+2), • • • ). Note 
that [Lfe+i,M_^/] e U{b-) and [Lfe+i,M^^-^] = -^x{k)kM'^f~^Mi, we have 

^1 = ^1- 5] /.(^)^^(Mi)p^,r;(Mo)M!:f-V_i_~«;, 

where maxdeg{v'i) < N — k. Thus maxdeg{vi) ~ N — k. For i>j (i — 2,3), note 
that [Lk^i,Y_i_~] e C/(b~) and [L^+i, M_^y_i_~] e C^(b~), we have maxdeg{vi) < 
N — k. Finally, for V4, by using Lemma 3.4, we have maxdeg{vi) < N — k. Thus 
(Lfc+i - V'(Lfe+i))w' 7^ 0. 

Subcase 2. There exists some A 7^ for which p^~-^{Mq) ^ 0. 
Denote 

TV' := maxM + + + |A||A ^ 0,p^~3;(Mo) 7^ 0}, 

and set 

Ajv' := {(/x,^, A)|A 7^ 0,p^~3;(Mo) 7^ 0, + |^ + ^| + |A| = At'}, 

Z := min{n\ A = (n^("\ (n + l)^("+i), • • • ) such that 

\t^\ + \\ + ^ + |A| = iV' and p^^^~^{M,) ^ 0}. 
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Note that A = for those (yU, i/, A) satisfying N' < + \ ^ + u\ + \X\ < N and 
p^~3;(Mo) 7^ 0. Thus we have 

A(/)7^0 
A(0=0 

\^,\+\\+^+\\\<N' 

+ ^ p^,i;(Mo)M_^y_i_~«;. (3.10) 

n' <\fx\+\\+V\<N 

We apply (M^+i — ^(M;+i)) to act on both sides of (3.10) and write the resulting 
four terms on the right hand side by Wi, V2-, V3 and V4 respectively. It is obvious that 
V4 = 0. For vi, note that / > ^ > 0, by Lemma 3.2 (iii), we see that 

vi^v- Yl P,,^rxiM,){l + mi)mi)M-,Y_._^L_^w, 

(/i,r^,A)eA^, 

where maxdeg{v) < N' — I and niaxdeg{vi) = N' — I. For V2, since [Mi_^.i, L_j] e 
U{b~), we have maxdeg{v2) < N' — I — 1. Finally for V3, by using Lemma 3.2 (i), 
we see that maxdeg{v^) < N — I. These imply that {Mi^i — ■ip{Mi^i))w 7^ 0. The 
proof of Theorem 3.5 is completed. □ 

Corollary 3.6. The center of U{sX)) is C[Mo]. 

Proof. For any z G Z{U{5^)), the center of f/(st)), zw is a Whittaker vector, so 
z e C[Mo] by Theorem 3.5. This means Z{U{sv)) C C[Mo] and then Z{U{sv)) = 
C[Mo]. 

Theorem 3.7. Suppose iIj{Mi) 7^ and w = 1 (g) 1 G -^^,/,,^. Then v G L^^^ is a 
Whittaker vector if and only if f = utv for some m G CI. 

Proof. It is easy to see that the set 

{M_i,Y_i_~L_jiD\n eV,u,XeV,k eN} 

forms a basis of L^,^- Then we can use the same argument as in Theorem 3.5 to 
complete the proof of Theorem 3.7. □ 

Theorem 3.8. Let ■0i)'02 be Lie algebra homomorphisms from sti'^ to C and 
^1)^2 £ C. Then the sD-modules L^i,^^ and 1/^2,6 isomorphic if and only if 

^1 = -02,6 = 6- 
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Proof. Suppose that Wi is a cyclic Whittaker vector of L^^^^^{i — 1, 2), / : L^^^^^ — > 
L^^fy is an isomorphism of modules. Then 

Enf{wi) = f{EnW^) = MEn)fiwi), V 71 G Z+. 

Thus f{wi) is a Whittaker vector of type ibi. This implies ipi = '4'2 since there 
are no Whittaker vectors of type other than (/)2 in L^^^^^ by the proof of Theorem 
3.5. Moreover, = f{MoWi) = Mof{wi) = we get = 6- This 

completes the proof. □ 

4 Irreducible Whittaker modules of nonsingular 
type 



In this section, the Lie algebra homomorphism is assumed to be non-singular, 
that is iIj{Mi) ^ 0. we prove that the Whittaker module L^^^, defined by (2.2), is 
irreducible, and we also prove that every irreducible Whittaker module of type ip 
for the Schrodinger Virasoro algebra so is isomorphic to L^^^ for some ^ G C. 

Fix a Whittaker module V of type ip with cyclic Whittaker vector w. V is 
naturally a st)"'"-module. Following [10] and [18] we define a new action, called dot 
action, of st>~^ on V by setting 

X ■ V = XV — ip{x)v, for X e st>^ and v ^ V. (4.1) 

Then it is clear that V is a st)"'"-module under the dot action, and we have En - v — 
EnV — il){En)v — [En, u]w for n e Z+ and v — uw e V. 

Lemma 4.1. If n e Z+, then E^ acts locally nilpotent on V under the dot action. 
Proof. By the Lie products of 50, we see that 

acPMn{Li) = = adMn{Mi) = adMn{Yi^-)yi e Z. 

ac^^Fi (L,) = = adFi (M,) = adVi+(„_i)(ri+J, G Z. 

Thus, for any basis element u — MqM^^Y_i_~L_-^ of U{h~), it is clear that a(PMn, 
oc^^^i +(„_!) act on u as zero. To prove adI^Ln{u) = for m sufficiently large, we note 
that ld^Ln{M^,Y_._~L_~) e f/(50)_(|^[^|i+~|+|3;[)^_, so ad^Ln{M_,Y_._~L_~) is 
a combination of basis elements of U (so) of the form 

M^M_,,Y_,^_~^L_jMn,^ . . . M^,Y.^^^ ■ ■ -Y.^nMu ' ' ' Li„ (4.2) 

where -(|/Ui| + |i + + |Ai|) + + E-=i(| + ^'0 + Eti h = -(|A| + 1/^1 + || + 

u)\) + nm, #(/ii) + #(i7i) + #(Ai) +p + q + h< #(/x,i?,A). Recall that EnW = if 
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n > 3, it is easy to see that the element, given in (4.2), acts on the cychc Whittaker 
vector w as zero when m sufficiently large. This finishes the proof of the lemma. □ 

Lemma 4.2. Let {ii,u,\)E'PxVxV,keN. 

(i) For all n > 0, En-M^M_f,Y_i_~L_jw e spanc{M^M 'r_i_~L_~,w| where + 

2 2 U A 

ll + i/'l + |A'| +A'(0) < + \j + u\ + \X\ + X{0);i ^ k,k + 1}. 

(ii) If n > |//| + II + ^:^| + |A| + 2, then ■ {M_i,Y_i_~L_-^w) = 0. 

Proof, (i) Since 

E^ . {M^M_^Y_._~L_~,w) = M^{E^ ■ {M_,Y_.__~L_~^w)), 

we only need to prove (i) for k — The result for z/, A) = is obvious. Now 
we prove the result for i/, A) > by induction. 
For the case // 7^ 0, set m = max{i|//(i) > 0}. Then 

M_,Y_._~L_~^ = M.^M_^,Y_._,L_~„ 

where jj! {m) — iJi{m) — l,fj,'{i) — fj,{i) for all i^k. Therefore 

E„ • M_^Y_,_~L_~^w 

= K, M_,^]M_^,Y_._~L_jw + M_„K, M_^,Y_.__~L_j\w. (4.3) 

For the first term on the right hand side of (4.3), note that [£'„,M_j„] = for 
En — Mn or yi_,_(„_i), we only need to consider the case for En — Ln- If n — m < 0, 
it is obvious that 

[Ln,M_rn]M_^'Y_i_~L_jW = -mMn-mM_^'Y_i_~L_jW 

has the desired form. If n — m > 0, 

Mn-mM_^'Y_i_^L_jw = Mn-m ' (M_^.y i _~L_5;^) + V'(M„_^)M_^. F i_~L_3;^/;. 

By assumption, M„_^ • [M _^iY_i_~L _jw) , and therefore M„_to,M_^'F_i_~L_3;w, 
has the desired form. For the second term on the right hand side of (4.3), we have, 
by the induction hypothesis, that 

[En, M_^,Y_.__~L_j\w e spanc{M^M_^.y_,_~,L_~,^/;||/| + |^ + u'\ + |A'| 

+A'(0) < l/^'l + \^ + u\ + \X\ + X{0);t = 0, l;j = 0, 1}. 

Thus 

M_m[En:M_^,Y_,_~L_j]w 
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has the desired form since — m < and m + |A'| + + || + = |A| + + |i + 

For the case fi = 0,u ^ ot fi = u = 0, X ^ 0, one can prove the result by a 
similar argument as we did in the first case. This is omitted for shortness, 
(ii) Note that 

where p^i ;;r,^^g^ G C, and m = n - + + + \X\) + {\iJ,^\ + + + \X^) > 2, 
This implies (ii) as = for any m > 2. □ 

Lemma 4.3. Suppose \^ is a Whittaker module for 5t), and let v eV. Regarding V 
as an sti"'"-module under the dot action, then U {sO~^) • v is a finite-dimensional s\3~^- 
submodule of V. 

Proof. This is a direct result of Lemma 4.2. □ 



Lemma 4.4. Let V be a Whittaker module for so, and let C 1/ be a nonzero 
submodule. Then there is a nonzero Whittaker vector w' e 5". 

ProoL WO V E S, hy Lemma 4.3, U{st)~^) ■ u is a finite-dimensional submodule 
of S. Then by Lemma 4.1, we know that every element of SD"*" is nilpotent on 
U {stJ'^) • V under the dot action. Then the result of the lemma follows from Engel's 
Theorem (Theorem 3.3 in [8]). □ 

Proposition 4.5. For any ^ e C, the Whittaker module L^^^ for the Schrodinger 
Virasoro algebra so is irreducible. 

Proof. It follows from Lemma 4.4 and Theorem 3.7. □ 

It is known (see Lemma 2.1.3 in [4]) that the Schur's Lemma can be generalized 
to infinite dimensional irreducible modules with countable cardinality. 

Theorem 4.6. Let S be an irreducible Whittaker module of type ijj for the 
Schrodinger Virasoro algebra st>. Then S = L^^^ for some ^ G C. 

Proof. Let Wg E S he a, cyclic Whittaker vector corresponding to Since Mq 
acts by a scalar by Schur's Lemma, there exists ^ G C such that Mqs = for all 
s & S. Now by the universal property of W^, there exists a module homomorphism 
(fi : S with uw i— > uWg- This map is surjective since Wg generates S. But then 

(^((Mo - OW^) = {Mo - CMW^) = {Mo - OS = 0, 
so it follows that 

(Mo - C kenp C W^. 
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Because L^^^ is irreducible by Proposition 4.5 and kenp ^ W^, this forces kenp — 
(Mo - O^V- □ 

For a given ^0 : sti+ — > C and ^ G C, note that 

is a left ideal of t/(st)). For u G ?/(st)), let u denote the coset u + I e U{sX))/I. Then 
we may regard U{sX>)/I as a Whittaker module of type with cychc Whittaker 
vector 1. We have the following result. 

Lemma 4.7. The Whittaker module V = U (so) //is irreducible, and thus V = L^,^- 

Theorem 4.8. Suppose that y is a Whittaker module of type such that Mq acts 
by a scalar ^ G C, then V is irreducible. 

Proof. Let K denote the kernel of the natural surjcetive map U{sx>) V given by 
u ^ uw, where w is a cyclic Whittaker vector of V. Then X is a proper left ideal 
containing I. By Lemma 4.7, / is maximal, and thus K — I and V = U{st))/I is 
irreducible. □ 

5 Whittaker modules of singular type 

From now on, we assume that the Lie algebra homomorphism ip is singular, that 
is -0(^1) = 0. 

As in Theorem 3.5 and Theorem 3.7, we use the notation w (resp. w) to denote 
the cyclic Whittaker vector 1 (8) 1 (resp. 1 (8) 1) for (resp. L^,^)- The following 
facts about and L^^^ are obvious: 

(i) W-^ = U{si))w is free as a ?7(b~)-module and the set 

{M^M^i,Y_i_~L_jw\ {fi,u,X) eV xV xV,k eN} (5.1) 

forms a basis for by the PBW Theorem. 

(ii) L^,^ = U{5\3)w is free as a U{5\}~ © CLo)-module and the set 

{M^^Y_i_~L_~^iD\{pL,u,X) eVxVxV} (5.2) 

forms a basis for L^^^. 

(iii) and L^^^ are sO^-modules under the dot action defined in (4.1). 
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Denote ■0(-^i) — Vi: '^{^2) — V2 and "0(^1) — Vs- Set 

Lq if r]i = r]2=r]3 = 0, 

;LoM2-r/2M_2Mo-r/iM_iMo+r72M!i-f F_iMo + f M_i if r/2 7^ or r/3 7^ 0, 

LqMo — riiM_i if others. 



Proposition 5.1. For u e C[^, Mq], v = is a Whittaker vector of W^. 

Proof. It is easy to check that Li ■ v — L2 ■ v — Mi • v — Yi • v — 0. Thus for any 
y e St)"*", we have y • v — 0. □ 

Proposition 5.2. If we set 

Lo if ^1 = r/2 = rya = 0, 

z = <{^%-^ry2M_2-er/iM_i+r/2M2,-ef r_i+f M_i if 772 ^ or 7^3 7^ 0, 

^Lq — r]iM_i if others, 

then for u e Cfz], itiD is a Whittaker vector of L^,^- 

Proof. It is easy to check, we omit the details. □ 

Theorem 5.3. If ip is singular, then L^^^ is reducible for any ^ G C. 

Proof. By Proposition 5.2, we can easily see that the submodule V generated by 
zw e ,f is a proper Whittaker submodule. □ 

If ip is identically zero, that is rji — rj2 — rj^ — ip{Mi) = 0, then we have the 
following more precise results. 

Theorem 5.4. If ijj is identically zero, then the set of Whittaker Vectors of is 
C[Lo, Mo\w. 

Proof. By Proposition 5.1, we see that each element of C[Mo, Lo]w is a Whittaker 
vector of Wjp. For any v G \ C[Mq, Lq\w, noting that has a basis given by 
(5.1), we can write it as 

V = E i_~L_,LgM^«;, (5.3) 

where fi, X & V, u ^ V satisfying 7^ or z/ 7^ or A 7^ for some a^'J'''^ 7^ 0. For v 
defined in (5.3), we need to prove that there exists x G 30+ such that x ■ v ^ 0. 

Case 1. There exists X^O such that a^f ^ 7^ in (5.3). 

We denote 

p = max{#(A) KfVo} 
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and 

N = max{Ap | a^f ^ ^ 0}. 
Then N > 1 and v is of the form 

By using M^r to act on both sides of (5.4) by dot action, we see that 

M^-v ^ - E X{N)N4f'M^,Y_._~L_,,L',M'+'w 

#(A')=P-1 

+ E btf'"M^,Y_._~L_,.L'^M^w 

#(A")<p-l 

7^ 0, 

where = A(i) if i p and A'(p) = A(p) - 1, e C. 

Case 2. A = for any a^'f'^ ^ and there exists u Q such that a^'f'^ 7^ 
In this case, (5.3) becomes 

For (5.5), we set 

b :— max{us \ v — (i/i, • • • ,Vs), a'j^'J ^ 0}. 
Then (5.5) can be rewritten as 

v= E <jM.,Y_._,L',Ml,w+ E a^jM_,Y_._,L',Ml,w. 

u{b)^0 i/(6)=0 

By using Y^+b to act on both sides of (5.6) by dot action, we have 

where i'' (i) = ^{1) for i and ^''(&) = 0. 
Case 3. A = () = I? for any a^f ^ 7^ in (5.3). 
In this case, (5.3) becomes 

For (5.7), we set 

c := max{i^t I = {l^i, ■■■ ,l^t), 0-1,1 ^ 0}- 
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Then (5.7) can be rewritten as 

V = <,iM-AK^ + E <,iM-,LlMlw. (5.8) 

//(c)^0 m{c)=0 

By using Lc to act on both sides of (5.8) by dot action, we have 

where /i'(i) = /i* for i a and /i'(a) = 0. This completes the proof. □ 

Theorem 5.5. If iJj is identically zero, ^ 7^ 0, then the set of Whittaker vectors of 
L^,^ is C[Lo]w. 

Proof. Noting that L^^^ has a basis defined by (5.2), we can repeat the proof of 
Theorem 5.4 word for word except that Mq should be replaced by ^ and w replaced 
by w. □ 

Recall the definition of Vcrma module of generalized Schrodinger-Virasoro alge- 
bras given in [21]. We observe that if is identically zero and V"^ is the submodule 
of L^^^ generated by {Lq — Qw, where C ^ C, then the quotient module 

mC) := 

is the Verma module for 50. Denote by W the homomorphic image of we imme- 
diately obtain the following Lemma by Theorem 4.6 of [21]: 

Lemma 5.6. The Verma module V{^, () is irreducible if and only if ^ 7^ 0. 

Theorem 5.7. If ip is identically zero, 7^ 0, then 

(i) For each C G the Whittaker module L^^^ has the following filtration 

L^,i = V° DV^ D ■■■DV' D ■■■ 

where is a Whittaker submodule of L^^^ defined by = ?7(sd)(Lo — C)*"^) ^-^^d 
V^'^^ is a maximal submodule of V^. More precisely, V^/V^^^ is isomorphic to the 
Verma module V{^, (). 

(ii) L^^^ is isomorphic to V"* as so-modules for each i G N. 

Proof. For (i), it is obvious that V^/V^^^ ^ Vi^X) according to the definitions of 
G N. Then 1^*+-*^ is a maximal submodule of V'^ by Lemma 5.6. Thus (ii) holds. 
For (ii), since ip is identically zero, we can easily check that the linear map 

uw I— > u{Lq — cyw, 
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where u G f/(st) © CLo), is an isomorphism of modules. 



□ 



Proposition 5.8. If ip is identically zero, ^ = 0, then the submodule V of L^ o 
generated by L^2W is a maximal proper submodule. Moreover, L^^/V is a one- 
dimensional trivial module. 

Proof. Note that L_iW, M_,_iw, K_ G 1^ for all i G N. Thus M_^Y_i^~L^^w G 

r for all (/i,i?,A) G V X V X V with #(/i,z>,A) > 0. Since MqW = so+w = 
0, we see that each element of V is a linear combination of elements with form 
M_fj^Y_i_~L_j^w, I/, A) > 0. Thus w ^ V. So L^^/V is a one- dimensional triv- 
ial quotient module and is a maximal proper submodule of L^^. □ 
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